ABSTRACT. We introduced the concept of a metric value set (MVS) in an earlier paper [1] and developed the idea further in [2] . In this paper we study locally M-metrizable spaces and the products of M-metrizable spaces. Finally we prove a characterization of commutatively metrizable topological spaces by means of the bases of a quasiuniformity.
Introduction
First we recall definitions from [1] and [2] . A metric value set (MVS) is a set M with at least two elements and a binary operation + satisfying the following conditions: (M1) The operation + is associative. If the operation + is also commutative, we say that M is a commutative MVS.
The operation + induces the relations and ⊳ in M defined by setting m 1 m 2 if there is m 3 ∈ M such that m 1 + m 3 = m 2 and m 1 ⊳ m 2 if there is m 3 ∈ M * such that m 1 + m 3 = m 2 . We say that M is atom-free if M is commutative and for every m ∈ M * there exists n ∈ M * such that n ⊳ m. We say that M is strictly atom-free if M is commutative and for every m ∈ M * there exists n ∈ M * such that n ⊳ m ⋪ n. A quasimetric function f is a map f : X × X → M from the square of a set X to an MVS M that satisfies the following conditions: (f1) f(x, z) f(x, y) + f(y, z) for every x, y, z ∈ X (triangle inequality). (f2) f(x, x) = e for every x ∈ X.
A quasimetric function f is a metric function if it also satisfies the condition (f3) f(x, y) = f(y, x) for every x, y ∈ X (symmetry).
Let f : X × X → M be a quasimetric function. Then the topology T f in X induced by f is defined by the family B f (x, m) = {y ∈ X : f(x, y) ⊳ m}, m ∈ M * , of open balls as the open neighbourhood base at x for every x ∈ X. We call (X, f) a quasimetric space or an M-space and denote B f : X → P(P(X)), B f (x) = {B f (x, m) : m ∈ MLet (X, T ) be a topological space. If there exists a quasimetric function f : X × X → M such that the topology T f induced by f equals T , then we say that (X, T ) or shortly X is an M-metrizable space. We say that X is MVSmetrizable if there is an MVS M such that X is M-metrizable.
Let (M 1 , + 1 ) and (M 2 , + 2 ) be two metric value sets and h : M 1 → M 2 a map. We say that h is a metric value set homomorphism or shortly a homomorphism if it satisfies the following two conditions: (H1) For all m 1 ∈ M it holds that h(m 1 ) = e M 2 ⇐⇒ m 1 = e M 1 . (H2) h(m + 1 n) = h(m) + 2 h(n) for every m, n ∈ M 1 .
In this paper we define the concept of locally M-metrizable space in a natural way. Then we show that the topology of a metacompact locally M-metrizable space can be induced by a quasimetric function, when M is atom-free. We also study shortly the topology of product spaces. Finally we show how to characterize the class of commutatively metrizable topological spaces by means of the bases of a quasiuniformity.
1 Metric functions and induced topology Definition 1.1. Let X be a set, T a topology on X and U = {U i : i ∈ I} a family of subsets of X. We say that U is a generating set for T or that it generates T if T is the coarsest topology containing U. This is equivalent to saying that U is a subbase of T . It is well known that the topology T generated by the subbase U is the collection of unions of finite intersections of sets in U, i.e., the sets of the form
where J is an arbitrary index set, K j a finite index set for all j ∈ J and U jk ∈ U for every j ∈ J and k ∈ K j .
Let X be a set and let (Y i , T i ) be a topological space and f i : X → Y i a map for every i ∈ I. The topology of X induced by the family (f i ) i∈I is generated by the subbase U = {f −1 i U : i ∈ I, U ∈ T i } Lemma 1.2. Let X be a set and U a family of subsets of X. Let V ⊂ U be such that every element of U is a union of some sets in V. Then U and V generate the same topology.
Recall that a map B : X → P(P(X)) with B(x) = ∅ for every x ∈ X is a neighbourhood system for some topology on X if it satisfies the following conditions:
Let B satisfy (B1), (B2) and the following condition: (B3') For every U ∈ B(x) and y ∈ U there exists V ∈ B(y) such that V ⊂ U. Then we say that it is an open neighbourhood system. Since (B3) follows from (B3'), every open neighbourhood system is also a neighbourhood system. Definition 1.3. We say that two neighbourhood systems B and B ′ on a set X are equivalent if they define the same topology. This is true when for every x ∈ X and B x ∈ B(x) there exists a B 
Proof. Let T be the topology on X induced by the maps f i . The associated generating set of T is U = {f
i B ix . According to 1.2, V generates the same topology as U, which is the topology induced by the maps f i .
Let X be a set, Y i be an M i -metrizable space and f i : X → Y i a map for every i ∈ I. In some cases the topology induced by the family (f i ) i∈I is induced by a quasimetric function. Next we study the case where I is a singleton. 
Then f 2 is a quasimetric function and the topology T on X induced by g is the same as the topology T f 2 induced by f 2 .
Proof. First we show that f 2 is a quasimetric function.
Let
Thus (f1) holds. The condition (f2) holds, because f 2 (x,
Thus f 2 induces a topology T f 2 in X. We show that T f 2 ⊂ T . For every x ∈ X and m ∈ M * the following holds:
To show that T ⊂ T f 2 we need to prove that {g
1.6. Relative topology. Let X be a set with topology T induced by a quasimetric function f 1 : X×X → M. Let A ⊂ X and i : A ֒→ X be an inclusion. From the previous result we see that
, is a quasimetric function, inducing on A a topology T f 2 , which is the same as the topology induced by i, i.e., the relative topology on A. From the definition of f 2 we see that
Furthermore we see that the property of being an M-metrizable space is a topological property. If h : X → Y is a homeomorphism and Y is M-metrizable by a quasimetric function f 1 , then we see that X is M-metrizable by f 2 : X×X → M where f 2 (x 1 , x 2 ) = f 1 (h(x 1 ), h(x 2 )). Example 1.7. Let X be an uncountable set containing an element x 0 with the topology T a base of whose is formed by the one-point sets {x}, x = x 0 , and those subsets of X which contain x 0 and whose complement is finite, i.e., the example of a not MVS-metrizable space in [1, 1.12] .
Let (M, +) = ({0, 1, 2}, max) and A be the set whose elements are the sets A ⊂ X such that x 0 ∈ A and X \ A is finite. For every A ∈ A we define a map
The map f = f A is a quasimetric function. The condition (f2) holds by definition. Let x, y, z ∈ X. The triangle inequality f(x, z) f(x, y) + f(y, z) clearly holds if f(x, z) = 0. Assume that f(x, z) = 2. Then x / ∈ A or z / ∈ A, and x = y or y = z. Assume that f(x, y) = 0. Then x, y ∈ A or x = y. If x, y ∈ A, then z / ∈ A and therefore f(y, z) = 2. If x = y, then z = y and y = x / ∈ A or z / ∈ A, and thus f(y, z) = 2. Hence f(x, y) + f(y, z) = max{f(x, y), f(y, z)} = 2. Thus f A is a quasimetric function. It defines a topology T f A on X, whose base is formed by A and the singletons {x}, x / ∈ A. We can define a topology T ′ on X induced by the maps id A :
′ is generated by the sets id
{{x}}. This subbase is actually the base of T above. Thus T ′ = T . Therefore the maps id A : X → (X, T f A ), A ∈ A, induce a topology on X that is not MVS-metrizable, even though every (X, T f A ) is. Thus not every topological space induced by maps into MVS-metrizable spaces is itself MVS-metrizable. Whether there are counterexamples in the cases of finite or countably infinite number of inducing maps is an open question. However, if M is an atomfree MVS, X a topological space, (Y i ) i=1,...,n a finite family of M-metrizable topological spaces, g i : X → Y i a map for each i = 1, ..., n and the topology of X is induced by the family (g i ) i=1,..,n , then X is M-metrizable. This follows from Theorems 1.12 and 1.5: The topology of X is induced by the map g = (g 1 , ..., g n ) :
Definition 1.8. Let X be a topological space and M an MVS. If for every x ∈ X there exists an open neighbourhood U of x whose relative topology is induced by a quasimetric function f U : U × U → M, we say that X is locally M-metrizable.
Recall that a metacompact space is a topological space in which every open cover has an open refinement that is point-finite. Lemma 1.9. Let U = {U i : i ∈ I} be an open cover of a topological space (X, T ). Let T U i be the relative topology of the set U i for every i ∈ I. Then for a set V ⊂ X we have V ∈ T if and only if for every x ∈ V and i ∈ I with
is a neighbourhood of x which belongs to the relative topology
If V ⊂ X is not open, then there exists x ∈ V such that every neighbourhood of x intersects the complement of V. Let i ∈ I be such that x ∈ U i . Assume that there exists
Hence V x is a neighbourhood of x and thus contains at least one point that is not in V, which is a contradiction. Thus if V ⊂ X is not open, then the condition does not hold. 
be a quasimetric function that defines the relative topology on the neighbourhood U x for every x ∈ X. Now the topology T can be constructed from the relative topologies T f Ux as in the previous lemma.
Let V = {V j : j ∈ J} be a point-finite open refinement of U. The relative topology on V j can be induced by a quasimetric function f V j : V j × V j → M for every j ∈ J. This is possible, because every V j is contained in some member U x , x ∈ X, of U and the inclusion i : V j ֒→ U x determines the relative topology on V j by the quasimetric function
is the relative topology also in terms of the whole space X.
For every x ∈ X, define the sets J x = {j ∈ J : x ∈ V j } and
The set W x is open, because it is a finite intersection of open sets. Furthermore, if y ∈ W x , then J x ⊂ J y and thus W y ⊂ W x . Now we can define a map f : X × X → M ∞ in the following way:
Notice that the sum is well-defined because + is atom-free and hence commutative, and there is only a finite number of indices in J x for every x ∈ X. Clearly f satisfies the condition (f2). Let
∈ W x , then the triangle inequality holds. Let y ∈ W x . If z / ∈ W y , then the triangle inequality holds. Assume that z ∈ W y . Then the triangle inequality holds in W x separately for every f V j ; therefore from the commutativity of + it follows that
These equations together imply that f(x, z) f(x, y) + f(y, z). Thus f is a quasimetric function. Lastly we need to show that T f = T .
Assume
Remark 1.11. Even if the quasimetric functions f Ux are symmetrical, f might not be, because it is possible that y ∈ W x , but x / ∈ W y . However, f is strict (that is, f(x, y) = e implies x = y), if every f Ux is strict. 
Proof. For every i ∈ {1, 2, ..., n} let f i : X i × X i → M be a quasimetric function that induces the topology of X i . A neighbourhood base that defines the topology of X is
Clearly f satisfies the condition (f2). It also satisfies (f1), because M is commutative and the quasimetric functions f i satisfy it. Thus f is a quasimetric function. To prove the theorem, we show that B and B f are equivalent.
Consider B(x, (m 1 , ..., m n )) ∈ B(x). Now there exists m ∈ M * such that m m i for every i = 1, ..., n. Let y ∈ B f (x, m). Then
for every i = 1, ..., n, and therefore y ∈ B(x, (m 1 , ..., m n )). Thus
. By atom-freeness of M we see that there exists
Therefore y ∈ B f (x, m). Hence
The neighbourhood systems B and B f are therefore equivalent, and thus f induces the product topology on X. The next theorem also found by Jouni Luukkainen states that every Alexandrov space, i.e., finitely generated space, is M-metrizable with strict quasimetric function, where M is atom-free. Proof. First, f is a quasimetric function, because if x, y, z ∈ X with x = y = z = x and f(x, y) = f(y, z) = 1, then y ∈ U(x) implying U(y) ⊂ U(x) and z ∈ U(y), whence z ∈ U(x) and thus f(x, z) = 1. Consider x ∈ X. Then for each y ∈ X with y = x we have (note that 1 ⊳ 1)
Finally, for a subset U of X we have
Thus, T = T f .
Characterization results
We want to characterize MVS-metrizable topological spaces. When an MVS M is commutative, this can be done by using quasiuniform spaces.
Notation 2.1. When f : X × X → M is a metric function and x ∈ X, m ∈ M * , we denoteB f (x, m) = {y ∈ X : f(x, y) m} andB
We denote the map that is defined by the collectionsB f (x), x ∈ X, byB f : X → P(P(X)).
Theorem 2.2. Let M be an atom-free MVS and f : X × X → M a quasimetric function. ThenB f is a neighbourhood system that is equivalent to the neigh-
Then by atom-freeness we can choose m
. The mapB f satisfies the condition (B1), because e m for every m ∈ M * . The condition (B2) follows from (M4).
is contained in U due to the triangle inequality. Therefore (B3) holds. ThusB f is a neighbourhood system and it is equivalent to B. 
Uniform spaces.
Recall the following definitions. Let X be a set and A, B ⊂ X × X. Define the set A • B ⊂ X × X by setting (x, z) ∈ A • B if x, z ∈ X and there exists y ∈ X such that (x, y) ∈ B and (y, z) ∈ A.
Let X be a set and U a non-empty family of subsets of X× X. The pair (X, U) is a uniform space and U a uniformity if U satisfies the following conditions:
: (x, y) ∈ U} ∈ U. If the last condition is omitted, then (X, U) is a quasiuniform space and U a quasiuniformity.
Let (X, U) be a quasiuniform space. A collection U B ⊂ P(X × X) is a base of the quasiuniform space X, if U B ⊂ U and for every U ∈ U there exists U B ∈ U B such that U B ⊂ U.
The base defines the quasiuniform space uniquely: a set U ⊂ X × X belongs to U if and only if there exists U B ∈ U B that is contained in U.
Theorem 2.5. Let X be a set and U B a non-empty collection of subsets of X × X. Then U B is a base of some quasiuniform space if and only if it satisfies the following conditions:
Proof. First assume that U B is a base of a quasiuniformity U. The condition (UB1) clearly holds. Let U, V ∈ U B . Then U, V ∈ U, and therefore U ∩ V ∈ U. Thus there exists W ∈ U B that is contained in U ∩ V. Therefore (UB2) holds. The condition (UB3) follows easily from (U4).
Let U B be a collection satisfying (UB1)-(UB3). Let
We will show that U is a quasiuniformity. The condition (U1) follows from (UB1) and (U3) from (UB2). The condition (U2) holds, because every U ∈ U contains some W ∈ U B and if V ⊃ U, then V contains W and is therefore a member of U. The condition (U4) is satisfied by (UB3). Now U B is a base of (X, U) by the definition of U.
2.6. The topology induced by a quasiuniform space. Let (X, U) be a quasiuniform space and U B a base of U. For x ∈ X and U ∈ U B let
For x ∈ X define a non-empty family
of subsets of X. Now we show that B UB is a neighbourhood system on X. The condition (B1) holds, because (x, x) ∈ U and thus x ∈ U[x] for every U ∈ U due to (UB1). Let
Then (x, y) ∈ V and (y, z) ∈ V. Hence (x, z) ∈ V • V ⊂ U and thus z ∈ U[x]. Therefore (B3) holds.
We denote the topology defined by the neighbourhood system B UB by T UB and call it the topology induced by the base U B of the quasiuniform space (X, U). If (X, T ) is a topological space with T = T UB , we say that the quasiuniformity that U B induces is compatible with T . Lemma 2.7. If U B 1 and U B 2 are bases of a quasiuniform space (X, U), then
2.8. M-metrizable spaces as quasiuniform spaces. Let M be an atom-free MVS and f : X × X → M a quasimetric function. Define the set
for every m ∈ M * . Now the collection U M * = {U m : m ∈ M * } is a base of a quasiuniform space. The condition (UB1) holds, since f(x, x) = e m for every x ∈ X and m ∈ M * . Let
Let m 1 ∈ M * . Due to atom-freeness there exists m 2 ∈ M * such that
Then there exists y ∈ X such that (x, y) ∈ U m 2 and (y, z) ∈ U m 2 . Therefore f(x, y) m 2 and f(y, z) m 2 , and from the triangle inequality it follows that f(x, z) m 2 + m 2 m 1 . Hence
Thus (UB3) holds and U M * is a base of some quasiuniform space (X, U).
We now show that the topology T U M * induced by U M * is the same as the topology T f induced by f. This follows from the fact that the neighbourhood systemsB f and B U M * are the same, because
We also notice that if f is symmetrical, then U m = U −1 m for every m ∈ M * implying that U M * is a base of a uniformity.
Definitions 2.9. Let M be a commutative MVS. We need two new concepts to characterize all M-metrizable spaces in terms of bases of quasiuniform spaces.
We say that an M-metrizable space (X, f) is a full M-space and that f is M-full, if f is a surjection. If (X, T ) is a topological space whose topology is given by some surjective quasimetric function f : X × X → M, then we say that (X, T ) or shortly X is an M-full space. Notice that there might be two different quasimetric functions that induce the same topology such that only one of them is M-full.
Let f : X × X → M be a quasimetric function which satisfies the following condition: (C) If m 1 , m 2 , m 3 ∈ M are such that m 2 + m 3 = m 1 and x, y ∈ X such that f(x, y) = m 1 , then there exists z ∈ X such that f(x, z) = m 2 and f(z, y) = m 3 .
Then we say that (X, f) is a convex M-space and that f is M-convex. If (X, T ) is a topological space whose topology is given by some M-convex f, then we say that (X, T ) or shortly X is an M-convex space. Proof. An empty M-space can be embedded into the example space (M, f M ) in [1, 1.11.5]. Let (X, f) then be a non-empty M-space. We form a product set X × M and a map m) , (x, m)) = e M for every x ∈ X, m ∈ M, and
which can be checked straightforwardly. Therefore f * satisfies the triangle inequality and is thus a quasimetric function. Furthermore if m ∈ M and we choose x ∈ X, then f * ((x, m), (x, e M )) = m. Therefore f * is M-full. When X and X × {e M } are identified, then the restriction of f * to X is f. Therefore the inclusion X ֒→ X × M is an embedding of X into an M-full space X × M. Proof. Denote 0 = e M . We introduce some notation. If (X, f) is an M-space, then we denote by X f the subset of X × M × M × X consisting of the elements (x 1 , m 1 , m 2 , x 2 ) such that m 1 + m 2 = f(x 1 , x 2 ). Furthermore we identify x and (x, 0, 0, x). Intuitively X f is constructed from the points in X and from the new points lying between two points in X.
when (x 1 , m 1 , m 2 , x 2 ) = (x 3 , m 3 , m 4 , x 4 ), and otherwise
It can be straightforwardly checked that (X f 1 , f 2 ) is an M-space and furthermore f 2 ((x, 0, 0, x), (y, 0, 0, y)) = f 1 (x, y). In the same way we can define an M-space ((X f 1 ) f 2 , f 3 ) and so on. Denote X 1 = X, X 2 = X f 1 , X 3 = (X f 1 ) f 2 and so on. Considering the identifications, we see that
, when x, y ∈ X ω and min x,y ∈ N is the smallest index k such that both x and y belong to the set X k . Let x, y, z ∈ X ω . Now
because every f k is a quasimetric function and f k (x, y) = f l (x, y) always, when x, y ∈ X k ∩ X l . Therefore f ω satisfies the condition (f1). The condition (f2) follows directly from the definition of f ω . Therefore f ω is a quasimetric function. Furthermore X = X 1 ⊂ X ω and f 1 is the restriction of f ω to the set X 1 . Thus X can be embedded into the M-space X ω . The space X ω is M-convex: Let x, y ∈ X ω , f ω (x, y) = m + n and k, l ∈ N indexes such that x ∈ X k and y ∈ X l . We may assume that m = 0 = n. Now (x, m, n, y) ∈ X max{k,l}+1 and
Therefore (X ω , f ω ) is an M-convex space such that X can be embedded into it.
Corollary 2.12. Let M be a commutative MVS. Then every M-space X can be embedded into an M-full and M-convex spaceX.
Proof. Let M be commutative and X an M-space. Then X can be embedded into an M-full space Y and Y into an M-convex spaceX = Y ω . Clearly Y ω ⊃ Y is also M-full, and thus X can be embedded into the M-full and M-convex spacẽ X.
Theorem 2.13. Let M be an atom-free MVS and (X, f) an M-full and Mconvex space. Then there exists a set U 0 ⊂ X × X that contains the diagonal ∆ and a compatible quasiuniformity U on X that has a base V * such that U 0 U for all U ∈ V * , V * = X × X and that satisfies the conditions below, when we define for all x, y ∈ X a subset U x,y ∋ (x, y) of X × X by setting Proof. Let (X, f) be an M-full and M-convex space. Then by 2.8 the topology of X is defined by the quasiuniformity U that has a base V * whose elements are the sets
, from which it follows that {(x, x) : x ∈ X} ⊂ U 0 due to (f2). Let m ∈ M * . Since X is M-full, it holds that m = f(x, y) for some x, y ∈ X. Now f(x, y) = 0. Thus (x, y) ∈ U m \ U 0 and hence U 0 U m . Clearly V * = X × X. Next we will show that V satisfies the conditions (Q1)-(Q4).
Let x, y ∈ X and f(x, y) = 0. Now (x, y) ∈ U f(x,y) ∈ V * and therefore U x,y ⊂ U f(x,y) .
Let (a, b) ∈ U f(x,y) and f(x, y) = 0. Then f(a, b) f(x, y). Thus if (x, y) ∈ U m , i.e., f(x, y) m, then (a, b) ∈ U m . Therefore (a, b) ∈ U x,y . Hence U f(x,y) ⊂ U x,y and so U f(x,y) = U x,y . Then especially (Q1) holds, because (X, f) is M-full.
Define an operation + as in the condition (Q2). Let U m , U m ′ ∈ V. We will show that U m + U m ′ = U m+m ′ .
From the triangle inequality it follows that
The set V is therefore closed under the operation +.
The pair (V, +) is an MVS. The associativity, that U 0 is a neutral element, and the conditions (M3) and (M4) follow from the facts that The map h : M → V, m → U m , is a surjective homomorphism. Now V is commutative, since M is commutative. Let U ∈ V * . Then U = U m for some m ∈ M * . Since M is atom-free there exists n ∈ M * such that n + n m. Let V = U n . Then V ∈ V * and V + V = U n+n U m = U. Hence V is atom-free, i.e., (Q4) holds.
Theorem 2.14. Let (X, U) be a quasiuniform space for which there exist a set U 0 and a base V * satisfying the conditions (Q1)-(Q3). Then X is a V-metrizable topological space.
Proof. Define a map f : X × X → V by setting f(x, y) = U x,y . Due to the condition (Q2), the pair (V, +) is an MVS and furthermore f(x, x) = U x,x is its neutral element.
Let x, y, z ∈ X. Since (x, z) ∈ U y,z • U x,y it follows that (x, z) ∈ U x,y + U y,z . Thus U x,z ⊂ U x,y + U y,z . Therefore U x,z U x,y + U y,z by (Q3), and thus f is a quasimetric function. Denote the topology induced by f by T f and the topology given by the quasiuniformity U by T U .
The neighbourhood bases defining T f and T U are the same, because for every x ∈ X and U ∈ V * we have U[x] = {y ∈ X : (x, y) ∈ U} = {y ∈ X : U x,y ⊂ U} = {y ∈ X : f(x, y) ⊂ U} = {y ∈ X : f(x, y) U} =B f (x, U).
Thus the topologies are the same.
2.15. Summary of the results. By 2.12 and 2.13 every topological space X that is M-metrizable with an atom-free M can be embedded into a quasiuniform space (X, U) that has a base that satisfies the conditions (Q1)-(Q4). By 2.14 and 1.6, every topological space that can be embedded into a quasiuniform space that has a base satisfying the conditions (Q1)-(Q4) is Mmetrizable with some atom-free M. We say that a topological space X is atomfreely metrizable if it is M-metrizable with some atom-free M. Thus we have characterized the class of atom-freely metrizable spaces by means of quasiuniform spaces.
Correspondingly we say that a topological space X is commutatively metrizable (strictly atom-freely metrizable) if it is M-metrizable with a commutative (strictly atom-free) MVS M. From [1, 2.15] it follows that the class of commutatively metrizable spaces is the same as the class of strictly atom-freely metrizable spaces and thus the same as the class of atom-freely metrizable spaces. If M in 2.13 is strictly atom-free, then also (V, +) is strictly atom-free; for otherwise by [1, 2.11 ] there would be m 0 ∈ M * such that U m 0 U m for every m ∈ M * , from which it would follow that m 0 m for every m ∈ M * , which is a contradiction.
